Abstract. Let F n be the free group on n generators, and PΣ n be the group of automorphisms of F n which send each generator to a conjugate of itself. Let K n be the kernel of the homomorphism PΣ n → PΣ n−1 induced by mapping one of the free group generators to the identity. We show that K n has cohomological dimension (n − 1), and that H i (K n , Z) is infinitely generated for 2 ≤ i ≤ (n − 1).
Introduction
Let F n be the free group on n generators. The group of automorphisms which take every generator to a conjugate of itself is known as the pure symmetric automorphism group of F n , denoted by PΣ n . Goldsmith [5] showed that it is equal to the pure motion group of n unlinked loops in R 3 . McCool [9] determined a finite presentation for PΣ n , and Brownstein-Lee [2] computed its cohomology when n = 3. Collins [3] proved that PΣ n has cohomological dimension (n − 1); it also follows from his work that PΣ n is F P ∞ , i.e., it has a classifying space with finite n-skeleton for every n. Later, Brady-McCammond-MeierMiller [1] showed that PΣ n is a duality group, and finally Jensen-McCammond-Meier [7] determined completely the structure of the cohomology ring of PΣ n for all n.
Let P B n denote the pure braid group. It is well-known that for all n there is a homomorphism π : P B n → P B n−1 induced by "forgetting" a strand. In fact, we have the following split exact sequence:
In particular, the pure braid group may be understood via an iteration of semi-direct products of free groups. The pure braid group P B n is isomorphic to a subgroup of PΣ n [2] , and by "forgetting" a loop we obtain a split exact sequence compatible with (1):
The kernel K n is finitely generated (compare with Lemma 2.1 below), and hence H 1 (K n ) is finitely generated. In this note we study the higher cohomology of K n :
Main Theorem. The group K n has cohomological dimension (n−1). The group H i (K n , Z) is infinitely generated for 2 ≤ i ≤ n − 1.
Collins-Gilbert proved that K 3 is not finitely presentable in [4] . The Main Theorem yields an independent proof of this result, extending it to all n:
Corollary. K n is not finitely presentable for all n ≥ 3. The author is grateful to her advisor, Benson Farb, for his unfailing enthusiasm and guidance. She would also like to thank Fred Cohen, John Meier, and Juan Souto for their helpful suggestions and discussions.
Finitely generated cohomology groups
We begin with the finite generation of K n and its first cohomology.
Lemma 2.1. The group K n is finitely generated, and
Proof. McCool [9] proved that the group PΣ n is generated by
with i, j and k all distinct. It is clear that K n is normally generated by {α in , α ni | 1 ≤ i ≤ n − 1}. In fact, these elements generate K n , seen by rewriting those relators of McCool involving generators which are nontrivial on the free group generator x n :
nk α in α kn Consider the free group F ({α in , α ni }) of rank (2n−2) on the generators of K n , a subgroup of the free group F ({α ij }) of rank (n 2 − n) on the generators of PΣ n . The kernel of the map F ({α ij }) → PΣ n is contained in the commutator subgroup. An element in the kernel of
and such an element must also lie in the commutator subgroup of F ({α in , α ni }). This shows that
, completing the proof of Lemma 2.1.
Jensen-Wahl [8] described an (n − 1)-dimensional contractible simplicial complex X n on which PΣ n acts freely with compact quotient. Briefly, this complex X n is the geometric realization of the poset of symmetric based graphs with fundamental group F n , and a marking from a basis {x 1 , . . . , x n } to each graph Γ inducing an isomorphism F n → π 1 (Γ). A symmetric graph is one in which every edge belongs to a unique cycle, and the partial ordering is given by the collapsing of edges. The complex X n embeds into Autre Space, the based version of Culler-Vogtmann Outer Space. We refer the reader to [8] for details. Proposition 2.2. K n has cohomological dimension (n − 1).
Proof. The existence of X n gives an upper bound of (n−1) for the cohomological dimension of K n . The elements {α 1n , . . . α n−1,n } generate a free abelian subgroup of rank (n − 1), so that (n − 1) is also a lower bound. This completes the proof.
Infinitely generated cohomology groups
We begin the proof of the Main Theorem with some technical lemmas. One of the basic tools we use is a variation of the Mayer-Vietoris sequence that can be found in Hatcher [6] , p. 151. We state it here for the convenience of the reader: Lemma 3.1. Let X and Y be topological spaces, X connected, and let f, g : X → Y be two maps. Let Z be the quotient space of the disjoint union of Y and X × [0, 1] obtained by the identifications (x, 0) → f (x) and (x, 1) → g(x). Then the following sequence is exact:
This sequence has the advantage of putting no connectivity restrictions on the space Y . We make use of (3) in the next lemma.
Lemma 3.2. Let X be a simplicial complex of dimension n ≥ 2 and Y a compact subcom-
By (3), we have the exact sequence
which shows that the lemma holds in this case. Now suppose that Y has k components. Proceed inductively on k, gluing components of Y to X 0 one by one and applying sequence (3) at each stage. This completes the proof.
We prove one last general lemma:
Lemma 3.3. Let Y and X be compact simplicial complexes with dim(Y ) > dim(X) and f : Y → X simplicial. Then, after subdividing Y and X, the map f can be perturbed to a map g : Y → X such that the pre-image of every simplex with empty interior has positive codimension.
Proof. Let n = dim(Y ), and let m = dim(X). Let Z 0 be an 0-simplex in X with empty interior; it must lie in some simplex Z l of dimension l > 0. Suppose thatZ 0 is an n-simplex in g −1 (Z 0 ). Let BZ 0 be the barycentric subdivison ofZ 0 with barycentreb, and let BZ l be the barycentric subdivision of Z l with barycentre b. Perturb f on the BZ 0 by mapping b to b, mapping the boundary ofZ 0 to Z 0 , and then "extending" simplicially. Repeat this step for every n-simplex in f −1 (Z 0 ), then repeat the process for every other 0-simplex in Y with empty interior whose pre-image has codimension zero. Finally, repeat this whole process for all k-simplices, 1 ≤ k ≤ (m − 1), with empty interior and zero codimensional pre-image, increasing k by 1 at each stage. As Y and X are compact, only a finite number of perturbations and subdivisions occur, and the result is a simplicial map g : Y −→ X in which Y and X have been subdivided.
The homomorphism PΣ n → PΣ n−1 of (1) yields a homotopy class of equivariant maps X n → X n−1 . The group K n preserves the fibres of these map, so we obtain induced maps X n /K n → X n−1 . Observe that Y n = X n /K n is a K(π, 1) for K n and that PΣ n−1 = PΣ n /K n acts on Y n . We thus have the following:
There is an (n − 1)-dimensional simplicial K(π, 1) of K n with the property that every k-simplex, 0 ≤ k ≤ (n − 2), has empty interior.
By Lemmas 3.3 and 3.4, we have:
Corollary 3.5. There is a PΣ n−1 -equivaraint simplicial map g : Y n −→ X n−1 which has the property that the pre-image of any complex with empty interior has positive codimension.
Proof. Choose a PΣ n−1 -equivariant simplicial map Y n −→ X n−1 . We can apply the perturbations described in Lemma 3.3 to fundamental domains of Y n and X n and then extend these perturbations equivariantly. This gives the desired equivariant simplicial map g : Y n −→ X n−1 . Proposition 3.6. The top-dimensional cohomology group H n−1 (K n ) of K n is infinitely generated.
Proof. By Proposition 2.2, there exists a nontrivial (n − 1)-dimensional cohomology class with compact support T in Y n . Under the map g of Corollary 3.5, the image of T is a compact set in X n−1 . For some translate t g(T ) by an element of PΣ n−1 , there is compact simplicial neighbourhood N of g(T ) separating it from t g(T ). This neighbourhood has a compact boundary ∂N with empty interior. The map g is proper and has the properties defined in Lemma 3.5, so g −1 (∂N) is compact with positive codimension in Y n . Lemma 3.2 implies that g(T ) and g −1 ( t g(T )) define independent classes in H n−1 (K n , Z). For any compact set K, some translate of g(T ) by an element of PΣ n−1 lies outside K, so by iterating the process above we obtain an infinite collection of homologically independent translates of T in Y n . Now we complete the proof of the Main Theorem. The split homomorphism PΣ n → PΣ n−1 induces a split homomorphism K n → K n−1 . This induces maps H i (K n−1 , Z) → H i (K n , Z) and H i (K n , Z) → H i (K n−1 , Z), the composition of which is the identity, implying that the first map is injective. Then we induct on n using Proposition 3.6, beginning with n = 3. This completes the proof.
